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A sample theorem is the following: - 1 can be represented as a sum 
of three squares of numbers in the cyclotomic field Q(.+(‘n) if the positive 
integer n is divisible by a positive integer m z 3 (mod 8). 
Hilbert proved that every totally positive number in an algebraic 
number field is expressible as a sum of four squares of numbers in the 
field. A special case of this theorem is that - 1 is expressible as a sum 
of four squares in a cyclotomic field K = Q(e’“““). In this note I prove 
a few theorems on this special case. Let s be the least integer such that 
-1 = cr:+cr,z+. . . +cr,2 
with cr,(l I m I S) E K. If 41n then i = e2ni/4 E K and so - 1 = M: 
and s = 1. We shall prove that if n E 3 (mod 8) then s = 2. 
THEOREM 1. If K = Q(e’“““), n 3 3 (mod 8) we have 
-1 = af+a,” 
with a,, a2 E K. 
Proof. We need two lemmas. 
LEMMA 1. If n 3 3 (mod 4), i,/n E K. 
Proof. When n z 3 (mod 4) and 8 = e2=@, 
n-l PI-1 
x0 es' = ; 
e2ris2/n = iJn, 
a special case of the so-called Gaussian sum. 
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LEMMA 2. Zf n = 3 (mod 8) then there exist rational integers x, y, .z 
such that 
n = x2+yz+zz. 
This is a classical result due to Gauss. The theorem follows from Lemma 1 
if we can find a, b, c, din Q such that 
that is if 
- 1 = (a + ib,/n)’ +(c + iddn)’ 
and 
a2+c2-n(b2+d2) = -1 
abicd = 0. 
Substituting from (2) in (1) 
ab 2 
a2t - 0 d -n(b2+d2) = -1. 
i.e. 
From Lemma 2, 
n = x2+y2+z2 
where x, y, z E 2. 
Subject a and d to the condition 
a -=x 
d ’ 
From (4), (5) and (6) 
(y2+z2)(b2+d2) = 1. 
This is satisfied by choosing 
b= ’ d=L 
y2+zz’ y2+z2’ 
Thus a, b, c, d are fixed for given x, y, z by (8), (6) and (2). Thus 
XZ ab a=- c=- -XY 
y2+z2’ 
-= 
d y2+z2’ 
Theorem 1 can be generalized to 
(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 
THEOREM 2. Zf n is a positive integer 2 3 and ifn has at least one.factor 
= 3 (mod 8), then 
-i = a:+~; 
where al, a2 E K = Q(e*“““). 
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Proof. Let mln, where m 3 3 (mod 8). 
Then 
K = Q(eZ”““) I> K, = Q(e2”‘/“). 
Applying Theorem 1 to K1 we have 
-1 = a:+p; 
where pl, p2 E Kl and therefore pl, /I2 E K. 
Example. If n = 143 then m = 11. One may also note the following 
obvious extension of Theorem 1: 
THEOREM 3. If K is an algebraic number field which contains idrn 
where m = 3 (mod 8), m > 0, then 
-1 = cr;+a; 
where al, a2 E K. 
The identity 
shows that Theorem 3 leads to 
THEOREM 4. If K is an algebraic number jield which contains i,/m 
where m s 3 (mod 8), m > 0, then every number p E K can be expressed 
as a sum of three squares of numbers in K. 
